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We suggest a possible interpretation of the recent observation by the OPERA collaboration of
superluminal propagation of neutrinos. We show that it is in principle possible that the group
velocity of neutrinos exceeds the speed of light without violating special relativity.
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INTRODUCTION
Recent results of the OPERA collaboration [1] have
suggested that the speed of neutrino may exceed the
speed of light in vacuum. Although this may at first
sight appear inconsistent with special relativity, there
are cases where superluminal propagation has been pre-
dicted and indeed observed in the past, and these pre-
diction and observation did not violate special relativ-
ity. This is because special relativity does not prevent
that a waveform can propagate with a group velocity ex-
ceeding the speed of light in vacuum, but only that a
signal cannot be transmitted faster than light. To ex-
perience superluminal propagation, a waveform should
experience large dispersion and intra-waveform interfer-
ence. In optics, this dispersion may be provided by an
interferometer, like a Mach-Zehnder interferometer, or by
other mechanisms. The constructive and destructive in-
terference taking place at the wavefront and at the trail-
ing edge of the pulse is responsible for the superluminal
propagation. With neutrinos, the large dispersion may
be provided by the neutrino oscillations between different
flavors, producing constructive and destructive interfer-
ences between the different neutrino energies in which a
neutrino wave-packet can be decomposed.
NEUTRINO PROPAGATION
The Hamiltonian for the coupling of the two neutrino
flavors in vacuum in the ultra-relativistic limit is [2, 3]
H =
(
pc+
ǫ0
2
)
1+
ǫ
2
[sin(2Θ)σx − cos(2Θ)σz ], (1)
where
ǫ0 =
(m21 +m
2
2)c
4
2pc
, ǫ =
(m22 −m21)c4
2pc
, (2)
p ≃ E/c is the momentum (E the energy) of the neutrino,
Θ is the mixing angle in vacuum. The eigenstates of the
energy are
E± =
(
pc+
ǫ0
2
)
± ǫ
2
= E0 ± ǫ
2
, (3)
and the eigenstates
|p, φ−〉 = − cos(Θ)|p, φ1〉+ sin(Θ)|p, φ2〉, (4)
|p, φ+〉 = sin(Θ)|p, φ1〉+ cos(Θ)|p, φ2〉, (5)
where |p, φi〉 = |p〉 ⊗ |φi〉 are simultaneous eigenstates of
momentum and flavor.
The |ψ0〉 at time t = 0 evolves at time t into the state
|ψt〉 given by
|ψt〉 =
∫
dp′ exp(−iE0t/~)[〈p′, φ+|ψ0〉 exp (−iǫt/2~) |p′, φ+〉
+〈p′, φ−|ψ0〉 exp (iǫt/2~) |p′, φ−〉
]
. (6)
There is a one-to-one analogy to the response of a Mach-
Zehnder interferometer, and to other interference effects
like those taking place in fibers with polarization mode
dispersion. All these effects are long-time known to show
superluminal propagation [4–6].
Assume that we start with one neutrino flavor, that is
with 〈p, φ2|ψ0〉 = 0, and that the initial amplitude of the
neutrino waveform is 〈p, φ1|ψ0〉 = 〈p|ψ0〉. We have
|ψt〉 =
∫
dp′ 〈p′|ψ0〉 exp(−iE0t/~)[
sin(Θ) exp (−iǫt/2~) |p′, φ+〉
− cos(Θ) exp (iǫt/2~) |p′, φ−〉
]
. (7)
Assume also that we measure the position of the neu-
trinos and their flavor, and that our detector is sensitive
to neutrinos with flavor 1 so that we may average the
position of the neutrino only when they appear in fla-
vor 1. The measurement is equivalent to a flavor mea-
surement followed by a position measurement on the col-
lapsed state after the successful detection of flavor 1. The
collapsed state when flavor 1 is detected is
|ψ′t〉 =
1√D
∫
dp′ |p′, φ1〉〈p′, φ1|ψt〉, (8)
where the normalization factor is
D =
∫
dp′〈ψt|p′, φ1〉〈p′, φ1|ψt〉. (9)
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FIG. 1: Factor S vs. Θ, for sin2 (ǫt/2~) = 0.99 (black curve),
0.9 (blue curve), 0.8 (red curve) and 0.7 (green curve)
The position measurement on the collapsed state gives
the average
〈xt〉 =
∫
dp′ 〈ψ′t|p′〉
(
i~
∂
∂p′
)
〈p′|ψ′t〉 =
N
D , (10)
where
N =
∫
dp′〈ψt|p′, φ1〉
(
i~
∂
∂p′
)
〈p′, φ1|ψt〉. (11)
Using Eq. (7) we obtain
〈p′, φ1|ψt〉 = 〈p′|ψ0〉F (p′), (12)
where
F (p′) = exp(−iE0t/~)
[
sin2(Θ) exp (−iǫt/2~)
+ cos2(Θ) exp (iǫt/2~)
]
. (13)
Assume now that the initial distribution of the neutrino
momentum |〈p′|ψ0〉|2 is narrow with respect to F (p′), and
centered on p′ = p. Then we have
D =
∫
dp′〈ψt|p′, φ1〉〈p′, φ1|ψt〉 ≃ |F (p)|2. (14)
Let us now set in Eq. (11) N = N1 +N2, where
N1 =
∫
dp′|F (p′)|2〈ψ0|p′〉
(
i~
∂
∂p′
)
〈p′|ψ0〉, (15)
and
N2 =
∫
dp′|〈p′|ψ0〉|2F (p′)∗
(
i~
∂
∂p′
)
F (p). (16)
Integration by parts of the integral at right hand side of
Eq. (15) gives for the imaginary part of N1
Im(N1) = −~
2
∫
dp′|〈p′|ψ0〉|2 ∂
∂p′
|F (p′)|2. (17)
Using now that |〈p′|ψ0〉|2 is narrow-band around p′ = p,
we obtain
N1 ≃ |F (p)|2〈x0〉 − i~
2
∂
∂p
|F (p)|2, (18)
where
〈x0〉 =
∫
dp〈ψ0|p〉
(
i~
∂
∂p
)
〈p|ψ0〉. (19)
Using once again the narrow-band condition on the right
hand side of Eq. (16), we obtain for N2
N2 ≃ F (p)∗
(
i~
∂
∂p′
)
F (p). (20)
Performing the differentiations, we finally obtain
〈xt〉 = 〈x0〉+ vgt, (21)
where the group velocity is
vg =
∂E0
∂p
+
1
2D
[
sin4(Θ)− cos4(Θ)] ∂ǫ
∂p
, (22)
and
∂ǫ
∂p
= − ǫ
p
. (23)
Straightforward algebraic manipulations give
vg =
∂E0
∂p
+ S ǫ
2p
= c− ǫ0
2p
+ S ǫ
2p
, (24)
where we defined
S = cos(2Θ)
1− sin2(2Θ) sin2 (ǫt/2~) . (25)
Assume that the propagation time t is such that
sin (ǫt/2~) ≃ 1. For sin2 (ǫt/2~) > 0.5, there are re-
gions of Θ where S is larger in modulus than one (see
Fig. 1). Assume now that one of the two masses is much
larger than the other. If m2 ≫ m1, then ǫ ≃ ǫ0 > 0 and
in the regions where S > 1 we have vg > c. If instead
m2 ≪ m1, then ǫ ≃ −ǫ0 < 0 and vg > c where S < −1.
In both cases, we obtain superluminal propagation. Of
course, this does not mean that the speed of a possible
signal transmitted with a neutrino wave-packet exceeds
the speed of light, it is just a property that comes from
the wave-packet deformation caused by the interference
of the two possible quantum paths that a neutrino may
follow before reaching the detector.
CONCLUSIONS
We have shown that a simple model of two flavor neu-
trino interaction predicts that there are regimes where a
3neutrino waveform may travel with a group velocity ex-
ceeding the speed of light. Although our model may be a
simplistic one, other possibly unknown interactions may
account for a group velocity of the neutrino waveform
exceeding the speed of light, all involving some form of
dispersive loss depressing the trailing edge of the neutrino
waveform. The bottom line here is that the observation
of a group velocity of a neutrino wave-packet larger than
the speed of light does not necessarily contradict special
relativity.
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